Abstract. Let K be a complete discretely valued field of rank one, with residue field Qp. It is well known that period equals index in Br(K). We prove that when p = 2 there exist noncyclic K-division algebras of every 2-power degree divisible by four. Otherwise, every K-division algebra is cyclic.
Introduction
Recent research has focused on formulating and computing arithmetic invariants in the Brauer group, over fields of cohomological dimension greater than 1. Two of the most prominent measures are Brauer dimension and cyclic length. Famous fields of Brauer dimension one include local fields and global fields, and both have cyclic length one. Because of the local-global principle and the degree-criterion for splitting over local fields, one proves both "cyclicity" and "period equals index" for global fields at the same time. Which raises the question: If K is a field of Brauer dimension one, is it like a global field in this respect, that every K-division algebra is cyclic? We show that the answer is no.
A field K has Brauer dimension one if the Brauer group Br(K) is not trivial, and every element in Br(K) of period n is represented by a central simple algebra of degree n, for any n. In other words, every class has equal period and index. K has cyclic length one if every class of period n is represented by a cyclic central simple algebra of degree n, for any n. All K-division algebras are then cyclic crossed products.
When K contains the n-th roots of unity, the theorem of Merkurjev-Suslin [19] guarantees that nBr(K ) is generated by cyclic classes of degree n, and the cyclic length is called the symbol length. This has been studied extensively; see [2] and [6] for a discussion of generation by cyclic classes, and [25] for fundamental results on symbol length. Cyclic length is interesting not only as a measure of arithmetic complexity, but also because of the central open problem in the area of finite-dimensional division algebras, which is to determine whether every division algebra of prime degree is cyclic.
Recent work on Brauer dimension includes [3] , [5] , [9] , [10] , [11] , [12] , [16] , [17] , [20] , [21] , and [22] . Two-dimensional local fields, such as Qp((t)) and Fp((s))((t)), were shown to have Brauer dimension one in [9] , and Fp((s))((t)) was shown to have cyclic length one in [5] . The Brauer dimension of the function field of a p-adic curve was proved to be two in [22] , and shown to have cyclic length two in [8] . See [13] , [18] , and [14] for known results on the relationship between Brauer dimension and symbol length.
In this paper we show that the field K = Q2((t)) has Brauer dimension one and cyclic length two. This is the first example of a field K whose Brauer dimension is proved to be less than its cyclic length. The testifying noncyclic division algebras are of every 2-power degree divisible by four. Noncyclic division algebras of equal period and degree themselves are not new, and were constructed in the early 1930's by Albert, but over fields of Brauer dimension at least three [1, Lemma 10] . Our examples exist in a very small space, in the sense that they seem to depend on the noncyclicity of the cyclotomic extension Q2(µ8)/Q2, they all have small cyclic splitting fields, and all Q2((t))-division algebras of odd degree are cyclic, as are all Qp((t))-division algebras for odd p.
Notation and Background
2.1. For Fields of Characteristic Zero. Let K be a field of characteristic zero. Let X(K) denote the character group, and Br(K) the Brauer group. If δ ∈ Br(K), the period per(δ) is the order in Br(K), and the index ind(δ) is the smallest degree of a splitting field, equal to the degree of the K-division algebra underlying δ. If δ ∈ Br(K) and E/K is a field extension, write δE for the restriction from K to E. If ψ ∈ X(K) has order n, let κ(ψ)/K denote the cyclic field extension of degree n fixed by ker(ψ). If E/K is a finite field extension, write ψE for the restriction, then κ(ψE) is the corresponding cyclic extension of E, which is the compositum of κ(ψ) and E inside some algebraic closure.
Let µn and µ denote the roots of unity groups, with µn(K) and µ(K) the corresponding roots of unity in K. Let ζn denote a primitive n-th root of unity, and put i = ζ4. By Hilbert 90 we have an isomorphism
, or the cocycle GK → µn defined by σ → (a 1/n ) σ−1 . Since −1 ∈ K and µ2 is canonically identified with {±1}, we may identify (a)2 with the character of order 2. We will cite Albert's norm criterion, which says a character ψ extends to one of order 2|ψ| if and only if −1 ∈ N(κ(ψ)/K). This appears in [4] .
Let (a, b) ∈ Br(K) denote the standard quaternion class, for a, b ∈ K, and put (a, b) = 1 or (a, b) = −1, depending on whether the class is trivial or nontrivial. A cyclic class of degree n is a Brauer class of the form θ ∪ (b)n where θ ∈ X(K), b ∈ K × , and |θ| = n. It then represents a cyclic central simple algebra of degree n. If ind((θ, b)) = |θ|, the division algebra underlying (θ, b) is a cyclic crossed product, with maximal subfield κ(θ). For n ∈ N, the n-cyclic length of K is zero if Br(K) has no elements of period n, and otherwise it is the minimum number of cyclic classes of degree n needed to express a general element of Br(K) of period n. We use ∞ if there is no such expression. The cyclic length of K is zero if Br(K) = {0}, and otherwise it is the supremum of the n-cyclic lengths for all n. The n-Brauer dimension of K is zero if Br(K) has no elements of period n, and otherwise it is the smallest number d such that ind(δ) divides n d for all δ ∈ Br(K) of period n. The Brauer dimension of K is zero if Br(K) = {0}, and otherwise it is the supremum of the n-Brauer dimensions over all n. Since a class of period n and n-cyclic length d has index at most n d , the n-Brauer dimension is bounded by the n-cyclic length.
For Complete Discretely-Valued Fields.
Suppose K is complete with respect to a discrete rank-one valuation, with residue field k of characteristic zero, valuation ring OK, and uniformizer t.
G k is a subgroup of µ * n of order |µn(k)|, and we have a split residue sequence
Thus every χ ∈ nX(K ) is expressible as a sum χ = ψ + ω * • (t)n for ψ defined over k and
vt) has t-ramification degree e.
The split residue sequence
lets us express every δ ∈ Br(K) in the form δ = α + (θ, t), where α ∈ Br(k) and θ ∈ X(k) are identified with their inflations to K. We call this the Witt decomposition (with respect to t). The splitting criterion states that δ is split by a finite t-unramified field extension E/k if and only if E contains κ(θ) and splits α, and we have an index formula (see e.g. [7] ) ind(δ) = |θ|ind(α κ(θ) ) 2.3. For Local Fields. Let k be a local field of characteristic zero, and let ζm be a generator of µ(k). The reciprocity map ρ :
If k has residue field Fq, Wedderburn's Theorem Br(Fq) = 0 transforms the residue sequence into an isomorphism from Br(k) to X(Fq), and its composition with the evaluation at Frobenius yields the invariant map
by [24, Ch.XIV, Prop.3] and Tate Duality. In particular, |θ
* is divisible, it follows that a character θ ∈ X(k) of prime-power order extends to a character of any (larger) prime-power order if and only if θ * (ζm) = 0, if and only if ζm ∈ N(κ(θ)/k).
Results
Proposition 3.1. Let K be a complete discretely valued field of rank one with residue field k = Qp. Then K has cyclic length at most two, and Brauer dimension one.
Proof. This is well known. The Witt decomposition shows nBr(K ) is generated by n-cyclic classes, and its n-cyclic length is at most two. Let δ = α + (θ, t) ∈ Br(K). By Local Class Field Theory (LCFT), ind(α κ(θ) ) = per(α)/gcd{per(α), |θ|}, hence ind(δ) = per(δ) = lcm{|θ|, per(α)} by the index formula. Therefore K has Brauer dimension one. Theorem 3.2. Let K be a complete discretely valued field with residue field Q2, Then there exist noncyclic K-division algebras of every 2-power degree divisible by 4.
Proof. Set k = Q2, and let t be a uniformizer for K. Since k does not contain a primitive fourth root of unity, any character of 2-power order over K has residue of order dividing 2, and the corresponding cyclic extension has t-ramification degree dividing 2. Similarly, any tamely ramified cyclic field extension of k of 2-power degree has p-ramification degree dividing 2. Let α ∈ Br(k) be an element of order 2 n divisible by 4, and let D be the K-division algebra underlying the Brauer class
n . D has no t-unramified cyclic maximal subfields: Such a field extension would have degree 2 n and contain k(i), by the splitting criterion, but (−1, −1) = −1 by computation of the Hilbert symbol ([23, III.1.2, Theorem 1]), hence −1 is not a norm from k(i), hence k(i) is not contained in a cyclic extension of degree 4 by Albert's norm criterion. Therefore no such subfield exists. It follows that D is cyclic if and only if it has a cyclic maximal subfield of t-ramification degree 2. Such fields have the form
where L/K is of degree 2 n−1 and defined over k, and v ∈ O × L . LetL denote the residue field of L. Since the group of principal units of OL is divisible, we may assume v ∈L × . Let χ ∈ X(K) be a character for E/K, and let
is cyclic over K. Therefore for our purposesL/k could be any cyclic extension of degree 2 n−1 that extends to a cyclic extension of degree 2 n .
Since E/L is totally t-ramified, and αE and (−1, v −1 )E are defined overL, the index of this class is the same as that of αL + (−1, v)L (see [7, Lemma 1] ). Therefore
n−1 , ind(αL) = 2 by the local theory. Since Br(L) ≃ Q/Z, any two classes of order 2 are inverse to each other. Therefore D is cyclic via E/K if and only if
It follows immediately that δE is nonzero, and since E/K is arbitrary, that D is noncyclic. By LCFT the corestriction from Br(L) to Br(k) is injective, and since
) by the cup product formula for corestriction. Therefore to prove the claim it suffices to show (−1, NL /k (v)) = 1.
The claim applies to all possibleL/k, namely allL/k of degree 2 n−1 that extend to cyclic extensions of degree 2 n , and we must test allL and v ∈L such thatL( √ v)/k is cyclic. We first show that if the claim is true on a givenL for one such v then it is true for all v. Suppose κ(ψ) =L( √ v) is cyclic as above. If ψ ′ ∈ X(k) is a character of order 2 n such that 2ψ ′ = 2ψ, then ψ ′ = ψ + (w)2 for some w ∈ k, and since ψL = (v)2, ψ ′L = (vw)2.
′ /L is totally ramified, the index of δ E ′ can again be computed overL, and since
Thus if the claim is true forL and v ∈L then (−1, NL /k (v)) = 1 for any v.
We first prove the claim for n = 2, i.e., D of degree 4. Then [L : k] = 2. We have 
It is easy to check, using [15, VI, Exercise 8] for example, that eachL( √ v)/Q2 is cyclic of degree 4. We conclude that (−1, NL /Q 2 (v)) = 1, hence (−1, v)L = 1, for all quadratic extensionsL/Q2 extendable to degree-4 cyclic extensions. Therefore D is noncyclic.
For the general case, we will reduce to the n = 2 case, as follows. LetL ′ /k be the quadratic subextension ofL, and let v ′ = NL /L ′ (v). Then v ′ is a product of the Galois conjugates of v overL ′ , each of which can replace v as an element whose square root generatesL( √ v), sinceL( √ v) is a splitting field overL ′ . Since √ v ′ is the product of these square roots, it is contained inL, henceL
/k is cyclic of degree four. To see this, let ω * ∈ (µ * n ) G k be the element of order 2, and let res and cor be restriction and corestriction forL/L ′ . We have
, since the corestriction is induced by the norm, hence cor(ω
This proves the claim in general, and we conclude that D is noncyclic in general.
Remark 3.3. It is not hard to show that the noncyclic division algebra of degree 2 n constructed above has a cyclic splitting field of degree 2 n+1 . In fact, set ζj = ζ 2 j , and letĒj, j ≥ 0, be the subfield of Q2(ζj+2) fixed by the automorphism ζj+2 → ζ
j+2 . The sequence {ηj : j = 0, . . . , } is recursively definable by η0 = 0 and η 2 j+1 = 2+ηj , and it is easy to prove by induction that NĒ j+1 /Q 2 (ηj+1) = 2 for j ≥ 1.
, we compute (−1, ηn) = 1, and sinceĒn splits α, we easily verify that E splits D.
Theorem 3.4. Let K be a complete discretely valued field with residue field Qp, and let D be a K-division algebra. Suppose either ind(D) is odd, or p is odd. Then D is cyclic.
Proof. Assume the hypotheses. Set k = Qp, and let m = |µ(k)|. Let D be a K-division algebra of degree n, with Brauer class δ = α + (θ, t) for α ∈ Br(k) and θ ∈ X(k). If θ = 0 then D is defined over the local field k, and is cyclic by local field theory. Therefore suppose θ = 0. We may assume n = ℓ a for some prime ℓ and a ∈ N by prime-power decomposition. If κ(θ) extends to a (t-unramified) cyclic extension E/k of degree n, then E contains κ(θ) and splits α, hence D is cyclic via E by the splitting principle. Therefore we assume for the remainder of the proof that 1 < |θ| < n, and θ does not extend to a character of order n. Since ind(δ) = n and |θ| < n, it follows that ind(α) = n, hence inv k (α) = i/n for some i : gcd(i, n) = 1.
Since it does not extend to a cyclic extension of degree n, κ(θ)/k is p-ramified, and e = |θ * (ζm)| is the smallest number such that e θ is extendable to a character of any larger ℓ-power order, hence e is the order of ζm in k × /N(κ(θ)/k), by Section 2. Evidently e : 1 < e ≤ |θ|.
By hypothesis, at least one of the numbers ℓ, p is odd, and our assumption on the nonextendability of θ implies that ℓ = p: For if ℓ = p, then p is odd, so K contains no p-th roots of unity, and the p-primary subgroup X(k)(p) is p-divisible by LCFT, contradicting the non-extendability of θ. Therefore ℓ = p.
Suppose ℓ = p, and if ℓ = 2 then p ≡ 1 (mod 4). We will construct a cyclic maximal subfield of D. In this case κ(θ)/k is tame, e is its ramification degree, and κ(eθ) is its maximal p-unramified subextension. Since ℓ divides e divides m, and since ζm generates µ(k), ζm is not an ℓ-th power in k × . If ℓ = 2 then ζm is not in −4k ×4 since p ≡ 1 (mod 4). Therefore x n − ζm is irreducible by [15, VI.9] , with root ζmn, and the fieldL = k(ζ mn/e ) is cyclic and p-unramified of degree n/e over k. Since ζm has order e modulo N(κ(θ)/k), we can find a j : gcd(j, e) = 1 so that inv k (θ, ζ , and since 4|m, we compute
is a cyclic maximal subfield of D. It is cyclic over K as the cyclic extension of a sum φ + ω * • (t)e as in Section 2.2, where φ ∈ X(k) is such that κ(φ) = k(ζmn)/k and φL = ω * • (v)e. It remains to show E is a maximal subfield of D. Since t = τ e /v,
SinceL/k is p-unramified, and since κ(eθ) is the maximal p-unramified subextension of κ(θ)/k, |θE| = |θL| = e, so (θE, τ e ) = 0, and since E/L is t-totally ramified, ind(δE) = ind(αL + (θL, 1/v)).
Since [L : k] = n/e and inv k (α) = i/n, invL(αL) = i/e by the local theory. Since
by the cup product formula, and since the corestriction is the identity on invariants by the local theory, we have invL(θL, 1/v) = inv k (θ, ζ −j m ) = −i/e. Therefore invL(αL + (θL, 1/v)) = i/e − i/e = 0, hence δE = 0. Since ind(δ) = [E : K] = n, we conclude E is a maximal subfield of D, so D is cyclic.
It remains to prove it for ℓ = 2 and p ≡ 3 (mod 4). Set ind(D) = n = 2 r . If r = 1 then D is already known to be cyclic, so assume r ≥ 2. We have ind(α) = 2 r and 1 < |θ| < 2 r , and θ does not extend to a character of order 2 r , hence κ(θ) is p-ramified. Since p ≡ 3 (mod 4), all characters of 2-power order have residue of order at most 2 by the sequence in Section 2.2, so κ(θ)/k has ramification degree 2, and θ does not extend to a character of larger 2-power degree. Therefore −1 ∈ N(κ(θ)/k) by Albert's criterion.
Let s = v2(p 2 − 1) be the (additive) 2-value. Then ζ2s is the largest 2-power root of unity in k(i). Let v = ζ 2 s+r−2 , and setL = k(v), L = K(v), and
By the local theory,L/k is cyclic unramified of degree 2 r−1 , θL has order 2, and NL /k(i) (v) = −ζ2s . The Galois conjugate of −ζ2s over k is −ζ An argument similar to the previous case shows E/K is cyclic of degree 2 r , and
we compute ind(αL) = 2 by the local theory, and since in Br(k) any two classes of order 2 are inverse to each other, we conclude αL + (θ, v)L = 0. Therefore ind(δE) = 1, so D is split by E, hence D is cyclic. This completes the proof. Corollary 3.5. Let K be a complete discretely valued field with residue field k = Qp. Then the 2 r -cyclic length of K is two if p = 2 and 4 divides 2 r ; the n-cyclic length of K is one if p = 2 and n is odd or n = 2; and the cyclic length of K is one if p = 2.
Proof. Since all division algebras over the fields Q2 and Qp are cyclic, the Witt decomposition of 2 r Br(K) shows the 2 r -cyclic length is at most two. Theorem 3.2 shows the 2 r -cyclic length is at least two for Q2 and r ≥ 2. If 2 r = 2 then the Witt decomposition shows that in all cases there is a quadratic splitting field, hence the cyclic length is one. The rest is Theorem 3.4.
The symbol length does not detect the examples of Theorem 3.2, because symbol length is only defined in circumstances where the examples don't exist: Theorem 3.6. Let K be a complete, discretely valued field with residue field a local field k of characteristic zero, and suppose k contains µn. Then every K-division algebra of degree n is cyclic.
Proof. Let t be a uniformizer for K. As above, the Brauer class of a division algebra D of degree n has the form δ = α + (θ, t), where α ∈ Br(k) and θ ∈ X(k) have order dividing n. Since k contains µn, θ extends to a character ψ of order n by Kummer theory, and the t-unramified cyclic extension κ(ψ)/K then contains κ(θ) and splits α, hence it splits δ. Therefore D is cyclic.
Example 3.7. Let K = k((t)) for k = Q3(i), and let n be a power of a prime ℓ. We show how to prove every K-division algebra is cyclic. We have |µ(k)| = 8, and so H 1 (k, µn) ≃ Z/n × Z/gcd(n, 8) if ℓ = 3 Z/n × Z/n × Z/n if ℓ = 3
Now arguments identical to those in the proof of Theorem 3.4 show that every K-division algebra is cyclic.
